
COC
CBS TECHNO[3_I cENTER

‖ODEL A‖ALYSIS OF A

CHARACttERISttIC OF

FEBRUARY 25′  1985

By=  Hideo Suzuki
C3S Technology Center
227 High Ridge Road
Sta口ford, CT  06905

FORCE― DEFORHAtt10‖

A PIANO HA‖‖ER



COC
CeSTECHNOЮ O/CENTER

‥

Ｌ

Ｉ

Ｌ

HODEL ANALYSIS OF A FORCE―DEFOR‖Att10N

CHARACTERISttIC OF A PIANO HA‖ HER

…

Y

Effects of a geometry and a Young's modulus profile of a piano hammer on

its  static  force― deformation  characteristic  are  studied  using  a  finite―

element mOdel.  The material properties of the model are assumed to be linear

as  well  as  isotropice    Therefore,  only  a  geometrical  nonlinearity  is

considered.  A hammer model with a representative geometry and Youngos modulus

proflle of an actual bass hammer has a force(f)‐ defOrmation(d) relatlonship

approxinated by a functlon, f = A dB, with approximately B = 1。 67。   On the

other  hand,  the  degree  of nonlinearity  (B) of  a particular  bass  hammer

obtained fron a dynam■ c measurement is approximately 2e3 or larger.  A hammer

with a larger increase of Young's IIloduluS in the ■nward direction has a larger

degree Of nOnlinear■ty.  丁he geometry of a hammer has a large effect on the

value,  A,  of the formula shown  aboveo   A hammer  with  a shorter height

(distance from the top of the hammer to the top of the wood piece) or with a

larger width has a larger value of A (in other wOrds, a larger stiffness).

I. コNTRODEtt10N

One of the interesting properties of a piano tone is that a piano sounds

brighter when a key is hit hardere   tthis nonlinear phenomenon seems to be

caused  mostly  by  the  nonlinear  characteristic  of  a  piano  hammer.    丁he

stiffness  and  effective  mass  of  the  hammer  sign■ ficantly  affects  the

interactlon between the hammer and the string.  A stiffer hammer bounces back

quickly and the force applied to the string becomes more impulsive (a short

contact time and a larger peak force), exciting the string with higher levels

for higher― order harmon■cse  lt is known that the hammer becomes stiffer and

stiffer  as  it  is  deformed  more  and  more.1-3    丁he  force  (f) and  the

deformation (d)relatlonship may be approximated by:
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(1)

(2)

f = Ad2 + Bd3 + cd4

f = A dB

where A, B, and C are constantsc  (The reasOn why Eq. (1)has the orders Of 2

or larger is that the stiffness of the hammer is effec1lVely zero for a very

small d.)  丁wo reasons are considered for the nonlinearity of this kindo  The

first one is a material nonlinear■ ty and the second one is a geometrical

nonlinearity.  Since the hammer is made of felt (wool)covering a wood plece,

it may have a  large degree of material  nonlinearityo    The geornetrical

nonlinearity is mostly caused by the increase of the contact area between the

string and the hammer as the deformatlon of the hammer increases.  Even if the

felt  material  dOes  not  have  a  nonlinear  property,  the  force― deformation

relationship will be nonlinear due to the three― dimenslonal shapes of the

hammer and the string.

丁he present paper discusses the nonlinearity of stiffness of a model

hammer due to the geometrical nonlinearityo   lt is assumed that the material

properties are linear as well as isotropic.   丁he effects that the Youngis

modulus proflle and the geometry of the hammer have on the force― deformation

relationship wlll be discussed.  丁he finite element program used to s01ve the

present problem was supplled by Takehiko Kato .  He was a consultant fOr this

specific project fron 3une l, 1983 to August 31, 1983.
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II.  InHER HDDEL

Goometry of the‖ Odel

丁he Fr10St laborlous part of work using a finite element program is the

generatlon Of input data for a complex three― dimenslonal structure.  Since we

are not interested in investigating a particular plano hammer, we will use an

ideal hammer model with a simpllfied geometry。    丁he geometry of the finite

element model is shown in Fige  l。    Only a quarter of the model ls shown

because the hammer is symmetric.  丁he x― , y― , and z― coordinates are taken in

the width, height, and thickness directions, respectively.   Since the wood

piece is much stiffer than felt,  it is not included in the model and the

boundary of felt  facing the wood plece is considered fixed in all three

directlonse   The wood plece is assumed to have a rectangular and constant

cross  section  except  for  its  top  portion.    丁he  curved  top lortiOn  ■s

represented as part of an elllpse.  The outer perimeter of felt, when looking

into the x―y plane,  is also represented by an elllpse.   Because of the

symmetry, the movement of the nodes on the x― y plane in the z― direction, and

on the y― z plane in the x― direction is prohibited.  In this simplified hammer

model,  the  shape  is  determined  by  only  five  parameters,  A。 ,  Al,  0。 ,

Bl, and the one― half thickness T.  丁his simplifies the writing of a program

to generate input data.  丁he maximum number of elements is limited to 500 in

the present program and, therefore, felt is divided into fairly small numbers

of layers in its depth and width (five and seven, respectively).  丁he program

a1lows us to use only five different material propertieso   Areas with same

material properties ■n the first s■ x cases studied are shaded equally as shown

in Fig。  1。  As mentioned before, the felt material is assumed to be linear and

isotropic.
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Bo Contact Condition Between a‖
― er and a String

When an ideally rigid string is pushed into the top portlon of a hammer,

the area of contact between the string and the hammer gradually increases.

The cross― seCt10nal view of this contact is shown in Fig。  2。   Originally, the

string and the hamtter barely touch at the origin of the coOrdinates.   Then,

the string is pushed downward by the amount d.  丁he radius of oontact, a, at

x=0 1s assumed to fo1low the formula8

a = (Rd)1/2

where R is the radius of the string.

This  formula was given by H.  Hertz4 and it is valid for a contact

problem between a rigid cylinder and a seml― infinite elastic plane if d is

small compared to R.  Therefore, only the nodes having 2-C00rdinate value that

is smaller than the radius of contact, a, may touch the string.  Also for a

particular  nodal  point  to  be  cornpressed  by  the  string,  its  original

y―ooOrdinate value must be larger than the y― coordinate value of the bottom

surface of the string.   丁hese values are used as concentrated loads at the

nodes.  丁he progran gives the forces and displacements, stresses, and strains

at each node.  丁he total forces needed to deform the harnmer by a prescribed

amount is given as four times the sum of forces in the y― directlon.

The above assumptlon of oontact can be used as a rough approxination to

the  real  string― hammer  contact  when  studying  nOnlinear  force‐ deformation

relatlonships in a piano hammer.

(3)
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III. ESULTS AND DISCuSsloN

The geometries and the material properties Of the first six cases studied

are S10Wn in ttable I, where each area from l to V is given the same Young's

moduluso    Case  l  is  considered  as  the  standard.    The  geometries  Of

A。=0。 35cm,  Al=1.75cm,  B。 =0。 6cm,  Bl=2.Ocm,  and  丁=0。 5cm  were  given  as

representative values of a bass hammere  A prellminary experinent showed that

the Younges modulus of felt neaF the tOp surface is lo times smaller than felt

near  the  wood  piece.    丁herefore,  as  the  standard  case  Of  Our  model,

El=ldyne/cm2,  E2‐ E4=3。 16dyne/cm2,  and  E5=1000dyne/cm2  were  usedo    Real

values of El―E5 are much larger than these values.   If the real values are

known to be 107 timeS larger, the force obtained from the calculation can

simply be multiplied by the same ratio to estimate the force― deformation
relationship of a real hammer.  The radius, R=0。 25cm, of the string― like plece

is used for all cases.   This value corresponds tO an effective radius of a

copper―wound steel w■ re used in the bass reglon.

丁he force― deformation relationship of the hammer model fOr the standard

case is shown in Fig.  3。    丁he calculatlon was performed at fOur different

deformatlons in the range from d=0。 0375 to O。 15cm.  In Fig. 3, the circles are

the calculated results and the solld line shows an apprOximated curve of the

results using Eq. (2), with A=3。 79 and B=1.67。   丁he magnitude of B shows the

order of nonlinearity of the force― deformation relationship and, in this case,

it is roughly l。 67.  丁he stiffness (the rat10 of a force to a deformation)of

a real hammer is practically zero for small deformatlons.   The calculated

force―  deformatlon curve shows that the present model has this property since

B is larger than l。

It is interesting to compare the force‐ deformat10n relationship of the

model with that of a real bass harrrner.  In our laboratory, a dynamic technique

to measure the force― deformation curve was deve10ped2.   In this method, a

hammer  is  accelerated  by using a real  piano  key actiOn to  hit  a rigid

string-1lke metal piece.  By measuring the acceleration of the hammer and the

L

L ′
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force  applled  by  the  hammer  to  the  metal  piece,  the  force― defOrmat10n

relationship is obtained.  Figure 4 shows one example of the force― deformation

curve of the base hammer during the compresslon process (that is, while the

hammer is moving toward the string‐ like plece).  丁he curve obtained during the

relaxatlon process of hammer felt is usually different due to a hysteresis

characteristic of felt.  The circles are the measured results and the curve

shows the approxlmation using Eq. (2) with A=le51 and B=2。 3。   Unfortunately,

the real hammer has a significantly higher degree of nonlinearity than the

present model.   丁wo reasons are considered for this.  丁he first one is that

the felt material has a nonlinear property which is not considered in our

modele  tthe second one is that the measurement is dynamic, whereas the present

analysis is static.  丁he effect of this difference is not known.  In any case,

the compar■ son of these results shows that the geometrial nonlinearity is only

a part of the total nonlinerity of the force― deformation relatlonship of a

real hammer.  The present study is, therefore, only useful when discussing the

geometrical nonlinearity.

The deformed element shapes of the hammer model for the standard case is

shown  in  Fig。   5.    Obvlously,  the  top  front  elements  are  most  severely

deformed.  丁he transition of the surface deformatiOn from the contact to the

non―contact reglons between the string and the harmer is srlooth.  丁he hammer

swells slightly in the thickness (z― coordinate)direction.

The following  three cases show the effect of change of Young's modu1l of

the different material groups on the force― deformatiσ n relationshipe  ln case

II,  the Young's modulus of area l is reduced to the one― half of case I.

Figure 6 shows the comparison of the forcettdeformation curves of cases l and

II.   丁he calculated results are approxinated by Eq. (2) with A=2c89 and

B=1.74, indicating that case II has a larger order of nonlinearity than case

I.   A 50 percent decrease of Young's modulus of the outer  layer causes

approximately 35 to 40 percent decrease of the stiffness of the hammer.  It is

obvlous that the harlwner stiffness is signifcantly affected by the Voung's

modulus of the outer layer.
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In case III, the Young's rlodulus of the elements in area II is changed to

l。 78dyne/cm2 (geometrical mean of l。 O and 3.16), which is 56 percent of the

standard case.  Figure 7 shows this result.  The force required to・ produce the

same anlount of deformation is approximately 80% of the force required for case

Io  The result of case III is approximated by A=2.88 and B=1。 65 indicating the

same degree of nonlinearity as case I.  Figure 8 shows the result for case IV,

where only the Young's modulus of group III is chaハ ged t0 1。 78dyne/cm2。   The

effect of this change on the force‐ deformation curve is almost negligible as

seen from the figure.  It seems to be a common practice when volcing a piano

to change the properties around areas II and III by adding lacquer or by

releasing felt tenslons with a special needle5.   The present results show

that  the  Young's  modulus  of  area  II  is  very effective  ■n changing  the

stiffness of the hammer, whereas that of area III is very ineffective.

The  effect  that  the  hammer  shape  has  on  the  force― deformation

relatlonship is discussed by comparing the results of cases V and VI to those

of case I.  In case V, only Al has been changed from l。 75 (standard case) to

2.00 and, in case VI, only Bl from 2.0 (standard case) to l.75.  The results

for cases V and VI are shown in Figs. 9 and 10, respectivelyo   When Al ls

increased,  the  force  needed  to  deform  the  hammer  by  the  same  amount

increases.   丁he ratio of Al between cases l and V is approxlmately the same

as the ratio of the forces required for the same amount of deformatlon.  In

general, it can be sald that a w■ der hammer has a laFger Stiffnesso  When the

hammer is made shorter (smaller height), the fOrce also increases as shown by

Fig。  10.   In these particular cases, the ratio of Bl between l and VI is

approx■mately the same as the ■nverse of the ratio of the forces needed for

the  same  amount  of  deformatlone    The  resutls  of  cases  V  and  VI  are

approximated by A=4。 08, B=1。 66, and A=4.86, B=1.70, respectively.

In all the cases discussed above, the values of B were w■ thin the range

l。 65 and l。 75。   丁his indicates that the effect of the hammer geometry and the

proflle of the Youngts modulus on nonlinearity characteristics is not great.

When we look at the results carefully, however, we notice that the degree of

nonlinearity (B) is larger when the Youngis modulus increases more rapidly

toward the wood plece.
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In order to see the effect that the increase of Young's moduli from the

outer to inner layers has on nonlinear characteristics, cases VII, vIII, and

IX are discussed.  丁he Young's II10duli Of these cases are shown in ttable II.

丁he geometries are the same as the standard case (6aseI).  In casel vII and

VIII, the Young's modulus gradually increases from l。 O t0 1o。 O and from l.O tO

3。 16, respectively.  In case IX, the Young's modulus is kept constant (=1.0)

for a11 layers.  The results of case VII has approxlmately the sane deoree Of

nonlinearity as case I, probably because the effective rates of increase in

Young's nlodulus toward the wood piece are approximately the same for thOse two

cases.   丁he force― deformation of case VII  is approxinate  by A=3。 38  and
B=1.65。     When  the  order  of  the Youngls mOdulus increase  is  small,  the

nonlinearity is also small as seen from Fig. 12.  The nonlinearity index, B,

of case VIII is l。 59 (with A=2.03).   Another difference is that the force

corrsponding to the deformation of O.15mm is smaller than a value expected

from  Other  three  forces  for  smaller  deformationse     ttherefore,  the

approxinatlon of the results by a curve of the fOrm of Eq. (3) is less

accurate in this case.  When the Young's alodulus is cOnstant over the entire

area (case IX), the nOnlinearity decreases further compared to prevlous cases,

and the constants are given as A=0。 837 and B=1.43.  It is clear that a larger

Youngis modulus increase tOward the wood piece causes a larger nonlinearity.

It has not been determ■ ned whether a piano harrtrner with a higher degree of

nonlinearity is more preferable or noto   At least, hOwever, it can be sald

that the nonlinearity plays an important role in determining the tone of a

piano.   By controlling the Youngls modulus proflle of a hammer felt,  the

nonlinear■ ty of a force―  deformation relatlonship may alsO be cOntrolled.
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IV.  CONCLtS10NS

The effect that the geometry and the Youngis mOdulus proflle has on the

static force―deformation relatlonship of a piano hammer was discussed using a

simplified  hammer  model  and  a  finite  element  program.    It  was  assumed

throughout the study that the material propё rties of felt were istropic and

linear.  A hammer rlodel with representative dilenS10ns and the Young's modulus

proflle of an actual bass hammer showed a nonlinearity, B, of approxinately

l.67 when the force― deformation relatlonship is expressed by f = A dB。   丁he

force‐ deformation relatlonship obtained by dynamically measuring a real hammer

lhowed a much larger nonlinearity with B=2.3 or more.   The maJor reasOn for

this difference seems to be the orniss■on of the material nonlinearity.   It

should be mentloned, however, that even a hammer made of a material having

perfectly linear properties has a great degree of gё ometrical nonlinearity。

Due to the three―dimenslonal shapes of strings and hammers, the cOntact area

between them increases at a higher rate than that of the hammer deformatione

Obvlously, the Younges modulus near the top surface of the hammer is the

greatest factor in determining its force…deformatlon relat10nship.  丁he area

JuSt underneath this top surface comes next.   It is interesting that the
nonlinearity is also affected by changing the Young's modulus profllec  lt was

found that a hammer with a larger Youngis modulus increase toward the w00d

plece has a larger nonlinearity.   The nonlinearities of a hammer are B=1.65

and l。 43 when a Young's modulus ratio of the innermost layer to that of the

outermOse layer is 10。 0 (approximately linear incrёase) and l.0 (uniform),

respectively.  A crude measurement indicated that this ratio ls on the order

of 10 for a real bass hammer.

丁he dimenslonal change also affects the force― defOrmation relationship.

When the distance between the top of the wood piece and the top of the felt

(Bl―Bo  in  Fig。   1) is reduced,  the  hammer  increases  its  nonlinearity  as

well as its stiffnesso   Also a wider hammer (a larger Al value in Fig. 1)

has a larger stiffness.   Supprisingly,  however,  the nonlinearity was not

affected much by the change of the width.
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used in the present study has a very

of material properties due to the

usedo  However, it is hoped that a

when it is combined with elegant

to  better  understand  the  complex
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L         ttable I.  Ceometries and Young's modu1l of a model hammer for cases I‐ VI.

L         :illel I・
 :lll:iSelll:|: lid:1 :lel llllirhilleiiSeS VII―

IX0

L         F:g. 2    Cross―
sectional view of a hammer‐ string contact.

Fig。  3    Force― deformation relationship of the hammer model for case I.

[_         Fig. 4    Force― deformatlon relatlonship of a real bass hammer measured by a
dynamic method.

L         Fig. 5    Deformatlon of the hammer mOd91 fOr case l and d=0。
15cme

L         Fig. 6    :llplilS'n 

°f the force― deformation relationships between cases I

Fig. 7    Comparison of the force―deformation relationships between cases I

L                   and III.
Fig. 8    Comparison of the force―deformation relationships between cases I

L         Fig。  9    :|lpilison of the force― deformation relatlonshipS betWeen cases I
and V.

L         Fig. 10   Comparison of the force― deformation relatlonships between cases I
and VI.

L         Fig。  11   :llp]ili° n °f the force‐ deformation relationships between cases I

t_         Fig. 12   :llp]ili:n 
°f the force― deformatlon relatlonships between cases I

L         Fig。
 13   :llpll:S° n °f the force― deformatlon relationships between cases I
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Table Io  Ceometries and Young's moduli of a model hammer for cases I‐ VI.

Ceometry (cm)

SI

I

II

III

IV

V

VI

1。 0
′_ゞ

網

1.0

1ヽ 0

"
1。 0

1。 0

3。 16
)、′

`情
′、7タ
市

3。 16

3.16

3。 16

3。 16

3.16
,、 ′

`掛

3.16

3.16

3。 16

3.16

3.16

3.16

10。 0

10.0

10。 0

10.0

10.0

10.0

0.35

0.35

0。 35

0。 35

0.35

0.35

1.75

1.75

1.75

1。 75

2.00

1。 75

0。 6

0.6

0。 6

0。 6

0.6

0。 6

2。 00

2.00

2.00

2。 00

2。 00

1.75

3.16

3.16

Ｌ

　

Ｌ

Ｉ

Ｌ

Youngis Mbdulus (dyne/cm2)

押
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Table II. Young's modull of a model hammer for cases VII― IX.

Youngis Modこ lus (dyne/cm2)

1.0

1。 0

1。 0

4。 0

2.0

1。 0

Layer 5

10.0

3。 16

1.0

‐13-
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Finite element model of a piano hammer.
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Fig。  2    Cross― sectional view of a hammer‐ string oontacte
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Fige 6    Comparison of the force― deformatlon relatlonships between cases
and II.
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